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Abstract 

A widely adopted theoretical scheme to account for the neutrino oscillation phenomena is the 
see-saw mechanism together with the “lopsided” mass matrices, which is generally realized in the 
framework of supersymmetric grand unification. We will show that this scheme leads to large lepton 
flavor violation at low energy if supersymmetry is broken at the GUT or Plank scale. Especially, 
the branching ratio of /i —> ey already exceeds the present experimental limit. We then propose a 
phenomenological model, which can account for the LMA solution to the solar neutrino problem 
and at the same time predict branching ratio of /r —> ey below the present limit. 
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I. SEE-SAW MECHANISM AND “LOPSIDED” STRUCTURE 


The neutrino experiments show that the neutrino parameters have two exotic while inter¬ 
esting features, he., the extreme smallness of the neutrino masses and the large size of the 
neutrino mixing angles]^, ^ According to the recent analyses the atmospheric neutrino 
oscillation favors the — Vr process with the best fit values 0 

= 2-5 X 10“^eU^ 29atm = ^- (1) 

Among the four oscillation solutions for the solar neutrino problem, the large mixing angle 
MSW (LMA) solution is most favored, followed by the LOW and VAC solutions[|, |^. 
The best fit values for the LMA solution are[0 

= 5 X 10~^eV^, tan^ 9soi = 0.42. (2) 

The same analysis excludes the small mixing angle (SMA) solution at 3.7 a level. 

On the theoretical side, hundreds of neutrino mass models have been constructed in the 
literature PI, each trying to explain to a greater or lesser degree the two afore-mentioned 
features. A consensus has now emerged that the see-saw mechanism seems to be the most 
natural and economical way to account for the tiny neutrino masses. 

In the see-saw mechanism, the Standard Model (SM) is extended by including the right- 
handed Majorana neutrinos, z/^?. Since ur are the SM gauge group, SU (2)vn x f/(l)y, singlets, 
their masses are not protected by the SM gauge symmetry. The ur may get masses at very 
high energy scale and may be much heavier than the SM particles. Having both left- and 
right-handed neutrinos and the ur being singlets, the neutrinos can have both Dirac mass 
terms, 

Cd = —MrVrVr + h.c. , (3) 

and Majorana mass terms. 

Cm = —Mru^Cur + h.c. , (4) 

with C being the charge conjugate matrix. Integrating out the heavy right-handed neutrinos, 
we get the Majorana mass terms for the left-handed neutrinos, 

Cy = + h.c. , (5) 
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with 


( 6 ) 


Since Mr S> Mr ~ Mew, we have My is much smaller than the electro-weak scale Mew- 

The see-saw mechanism is typically realized within the framework of a supersymmetric 
(SUSY) grand unified theory (GUT), which adds further desirable features including uni- 
hcation of the SM gauge couplings at the GUT scale and avoidance of the SM hierarchy 
problem. In an SO(IO) GUT, see-saw mechanism is a natural outcome of the group theory. 

However, no generally accepted mechanism has yet been put forth to explain the large 
neutrino mixing angles until now|p. The difficulty relies on the two facts that (i) the neutrino 
spectrum exhibits large hierarchy, which usually means small mixing among the neutrinos 
and (ii) in grand unihed models the lepton and the quark mass matrices are closely related, 
which generally makes it difficult to accommodate small quark mixing and large lepton 
mixing in one scheme. 

An elegant idea proposed to explain the large neutrino mixing angle is the so called 
“lopsided” structure|P, [T^- In this scheme the neutrino mass matrix. My, produces small 
mixing according to the fact (i). However, the charged lepton mass matrix. Me, produces 
large mixing and the difficulty relying on the fact (ii) is cleverly solved. As we know, the 
neutrino mixing is actually the mismatch between Mr and My. Diagonalizing Mr and My 
by 


uIMlUr = diag(me,m^,m^) , 

(7) 

and 


UlMyUy = diag(mi,i,m,,2,mi,3) , 

(8) 

we have the neutrino mixing matrix 


Vmns = UlUy . 

(9) 


So the large mixing in Ur leads to large mixing in the physical mixing matrix, Vmns- 
The “lopsided” structure works as follow. In an SU(5) grand unihed model, the left- 
handed charged leptons are in the same multiplets as the GP conjugates of the right-handed 
down-type quarks, and therefore Mr is closely related to the transpose of the mass matrix 
of the down-type quarks, Mdown- The two mass matrices have the following approximate 
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forms: 



0 0 0 


0 0 0 

Ml ~ 

0 0a 

rriD and Mdown ~ 

0 0 e 


, 0 e W 


, 0 a 1 , 


rriD 


( 10 ) 


respectively, with a ~ 1, e <C 1, and the zeros representing entries much smaller than e. 
For Ml, o controls the mixing between the second and the third families of the left-handed 
leptons^, which greatly enhances Qatm-, while e controls the mixing between the second and 
the third families of the right-handed leptons, which is not observable at low energy. For the 
quarks the roles of a and e are reversed: the small 0(e) mixing is in the left-handed sector, 
accounting for the smallness of Vet, while the large 0{a) mixing is in the right-handed sector, 
which is not observable. 

A larger gauge group with SU(5) being its subgroup also has the above property. Many 
realistic supersymmetric grand unified models have been built based on the ideas of see-saw 
mechanism and “lopsided” structure in the literature to account for the neutrino properties!^, 
1^1 . All such models have a definite prediction — the lepton flavor violation (LFV) at low 
energy, which can be used to test this kind of models. We investigate the LFV prediction 
in this kind of models. 


II. LEPTON FLAVOR VIOLATION IN SUPERSYMMETRY 


In a supersymmetric model, the soft SUSY breaking terms may induce large lepton flavor 
violation. The possible LFV sources are the off-diagonal terms of the slepton mass matrices 
and the trilinear couplings Ah. Present experimental bounds on the LFV 
processes give strong constraints on such off-diagonal terms, with the strongest constraint 
coming from Br(/i —>■ ey) (< 1.2 x We have to find a mechanism to align the 

lepton and the scalar lepton bases. This is the so called SUSY flavor problem. 

A generally adopted way to avoid these dangerous off-diagonal terms is to impose uni¬ 
versality constraints on the soft terms at the SUSY-breaking scale, such as in the gravity- 
mediated [jT^ or gauge-mediated ||I3[| SUSY-breaking scenarios. Yet, even with the univer¬ 
sality condition, off-diagonal terms can be induced at lower energy scales through quantum 


^ Here we use the convention that a left-handed doublet multiplies the Yukawa coupling matrix from the 
left side while a right-handed singlet multiplies the matrix from the right side. 
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FIG. 1: Feynman diagrams for the process li —> Ij'j via the exchange of a chargino (left) and via a 
neutralino (right). 

effects. Such LFV effects induced in the SUSY see-saw mechanism are given in the next 
section. We hrst give the general analytic expressions for the branching ratios of the LFV 
processes, li —>• Ij'y. 


The LFV decay, h —> Ij'y, occurs through the photon-penguin diagrams shown in FIG. |l|. 
The amplitude for the processes takes the general form 

M = emiUj{pj)ia^yq''{A"lPL + A"^PR)ui{pi)e^^{q) . (11) 


The contribution from neutralino exchange gives 


Af 

Af 


2,27^^^ ^/2 COS 6w 

La 

aP (B^A), 


m^o 

Aa 




rui 


( 12 ) 

(13) 


where 


Fi{k) 

F2{k) 


1 — Qk + 3k^ + 2k^ — 6/c^ log k 
6(1 — kY 
1 — k'^ + 2k log k 
(l-fc)3 ’ 


(14) 

(15) 
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with kaa = Tn?o/rnj . A and B are the lepton-slepton-neutralino coupling vertices given by 


= ( Zf cot Ow) - cot Ow 


rrii 


Mw cos (3 


ry{i+^)iy. ryZa 




= - f 2Zp^“Zlf* + cot0p 


rrii 


■j -‘N 'V^.wui7vi/—- - 

^ Mw cos jj 


fyiOL 


( 16 ) 

( 17 ) 


where Zi is the 6x6 slepton mixing matrix and Ztv is the neutralino mixing matrix. The 
corresponding contribution coming from chargino exchange is 


2 1 
^(c) _ V2 ^ia* ^ja ^ 


327r2‘^" ml , 

Uql I- 


^2“a^2-a* 


mtmj 


2M^ cos2 /3 


Fsih 


^Xa ' 7 + y- T 7 (U 'j 

A2Mw COS p rrii 


„2 1 
(c) _ V2 ^ia* ^ja _^ 


= 


327r2 


mt 


ZlZt:F,{k^a) + 


m - 

Xa 


where 


Fsik) = 

F,{k) = 


x/2Mw cos f3 

2 + 3/c — 6fc^ + k^ + Qk log k 

6(1 — kY ’ 

3 — + 2 log fc 

(l-fc)3 ’ 


zt:z^:FYka 


(18) 

(19) 

( 20 ) 
( 21 ) 


with kaa = rrY^-/ml^. Zy is the sneutrino mixing matrix, while Z^ and Z~ are the chargino 
mixing matrices. 

The branching ratio for U Ij'j is given by 


CXp 




( 22 ) 


where T* is the width of U. To identify the parameter dependence one may use the mass 
insertion approximation)^, which yields, for large tan/?. 


cA [imDijY 

Br(/,^/,7) ~ ^iL_T^tan^/3 , 


G^P ml 


( 23 ) 


where represents the common slepton mass. We can see that the supersymmetric contri¬ 
bution to Br(/j —>■ Ij'-)) is proportional to tan^ (3 and to the amount of the off-diagonal terms 
in the slepton mass matrix. 


III. RADIATIVELY PRODUCED LEV IN SEE-SAW MECHANISM 

Although the soft terms are universal at the GUT (or Plank) scale, off-diagonal soft 
terms may be radiatively produced in the see-saw mechanism. Especially, if the charged 
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lepton mass matrix is “lopsided”, the radiatively produced LFV effects are large enough to 
be observed. We will show this below. 

At the energy scales between Mr and Mgut, the superpotential of the lepton sector is 
given by 

W = , (24) 

where Y^ and Yl are the neutrino and charged lepton Yukawa coupling matrices, respec¬ 
tively. In general, Yrt and Yr can not be diagonalized simultaneously. This bases misalign¬ 
ment can lead to lepton flavor violation, similar to the quark sector. This LFV effects can 
transfer to the soft terms through quantum effects and induce non-diagonal terms below the 
GUT scale. This is clearly shown by the following renormalization group equation (RGE) 
for m|, which gives the dominant contribution to low energy LFV processes. 




Jj 

d/j, 



+YLmlYl + m\^YLYl + EaE\ + + NaN\ 


. (25) 


Here - Yl and Na = A^ ■ Y^, while gi and Mj are the gauge coupling constants 

and gaugino masses, respectively. 

Yl and Vv can be diagonalized by bi-unitary rotations 


Yl = uIYi,Ub , Yl = , 


(26) 


respectively. Lepton flavor mixing is determined by the matrix Vd, the analog to Vkm in 
the quark sector, defined by 

Vd = uIVl . (27) 

We see that Vo only exists above the energy scale Mr. It is different from the MNS matrix 
Vmns in Eq. (P). 

Then running the RGEs between Mgut (where the initial soft terms are universal) and 
Mr (where i/r decouples and no LFV interactions below) leads to the flavor mixing off- 
diagonal terms. On the basis where Yl is diagonal, the off-diagonal terms of m? can be 
approximately given as, 

- ^(^D)i3{VD)j3YN,{3 + a'^)ml\og^^^ , (28) 
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where, assuming the three generations’ Yukawa couplings in are hierarchical, only the 
third generation’s Yukawa coupling, is retained. The ‘a’ is the universal trilinear cou¬ 
pling given by Aq = amg, and mg is the universal slepton mass at Mgut- 

Eq. (pSD clearly shows that the mixing matrix 1/^ determines (5m|. The “lopsided” 
models predicts big mixing in and therefore big mixing in 1 /^, which hnally leads to 
observable LEV effects. 


IV. NUMERICAL RESULTS 


The precise results are obtained by solving the coupled RGEs numerically. The RGEs 
below Mr are the set of equations for MSSM, while above Mr the equations must be 
extended by including i/r and corresponding scalar partners. The details for solving the 
equations are given in Ref. |T^ . 


For the process r —pq, its branching ratio is approximately proportional to 
l(^^) 23 (^^) 33 p- This quantity is quite model independent since all the “lopsided” mod¬ 
els give a large, near maximal, 2-3 mixing. Thus we can give a quite dehnite prediction for 
this process. 

Br(r —/iq) is plotted in FIG. for a typical set of SUSY parameters. We notice that 
in a quite large parameter space the process r —>• pq, induced in supersymmetric see-saw 
mechanism, is below the present experimental bound, 1.1 x 1 O“®[ 0 , while, will be detected 
in the future experiment if the expected sensitivity can reach down to 10“®[|^. In our 


calculation the SUSY parameters are constrained by the g^ — 2 anomaly |[18||, so mi can not 
be too large. 


The branching ratio of p —»• eq is approximately proportional to | (Ud) 13 (Ud 


!2'i\ 


The 


element (Vd )^3 seems quite model-dependent. However, under the following observations and 
assumptions, we hnd that a general prediction of (Ud)i 3 in this kind of models is possible[|^ . 

First, we assume that Yat has a similar hierarchical structure as the Yukawa coupling 
matrix of the up-type quark, Y„. In SO(IO) grand unihed models, the simplest symmetry 
breaking mechanism leads to Yat = Y„. Since the see-saw mechanism is usually realized in 
an SO(IO) grand unihed model, this assumption is quite general. Y„ is constrained by the 
values of up-type quark masses and the GKM mixing angles. By our second assumption that 
there is no accidental cancellation between the mixing matrices for the up- and down-type 






















FIG. 2: Branching ratio of r —> /r 7 as a function of rriQ for Aq = mo, tan/3 = 10 and mi = 

2 

150GeF, 250GeF. The dotted lines are the present upper bound and the expected sensitivity. 


quarks leading to small CKM mixing, we then have 


;S Vu ~ 0.008 


(29) 


with and Vtd being the 1-3 mixing angle produced by and the 3-1 element of the CKM 
matrix. We thus expect that the 1-3 mixing angle produced by Y^, 9^, is of the same order 
of magnitude as Then we have 9]^ < 0.008. Analogously, we have sin 6*^ — 0.04. 

Third, we observed that in most models m,- and m^j, got their masses mainly from the 2-3 
block of the lepton mass matrix. The elements in the hrst row and the hrst column of 
are constrained by rrie- By this structure, as given in Eq. (|T3), one hnds that||, |2^ 

sin 012 ~ sjuie/rn^ = 0.07 , (30) 


and 


sin 013 sin 012 -C sin0i2 , 


(31) 
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FIG. 3: Br(// —> e'j) as a function of mo for tan/3 = 10 and mi /2 = 150 GeF, 250 GeF. = tu-o 
and /I > 0 are assumed. 9 12 is the mixing angle between the 1®* &: 2"''^ generations in Ul- The 
horizontal dotted line is the present experimental limit, 1.2 x 10“^^ 

with 6 being mixing angles in Ul- Finally, taking into account that 623 ~ 0{1) in “lopsided” 
models we get 


(Fd)i 3 ~ sin 012 sin 023 ~ 0.05 , 

(32) 

(Fd )23 ~ - sin 023 -0.71 . 

(33) 


Thus the angles in Ul alone can determine (Fd)i 3 and (Fd) 23 . This conclusion certainly 
depends on the assumed forms of Yl and Fat; nonetheless, it is correct in most published 
“lopsided” models[^, [T^, which can be explicitly checked. In fact our assumptions are 
implied in these models. 

Actually the above assumptions can be relaxed. Since Eq. (^) is one term, the dominant 
one here, of the full expressions for (Vd)i 3 , unless there is strong cancellation among these 
terms, do we always have (Fd)i 3 to be (9(0.05) or larger. 

In FIG. ^we give our numerical result for Br(/r —»• ey). Taking tan/3 = 10 and ^12 = 0.07 


n]. 
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as the typical value of the mixing angle between the and the 2 ”'^ generations in Ul, 
we hnd that the predicted Br(/r ^ ey) has already exceeded the present upper bound, 
1.2 X 10“^^ [^. The other set of curves are for 6*12 = 0.01 (corresponding to = 0.007). 

In this case Br(/i — ey) may be below the experimental limit. 

So large Br(p —> ey) is because of the large mixing angle 6 * 23 , which features the “lopsided” 
model and gives satished solution to large neutrino mixing. However, large 6*23 enhances both 
(Vd )^3 and ( 1 / 0 ) 23 , given in Eqs. (|3^ and (l3^), leading to too large Br(/i —> ey). This 
is really a dilemma. Another shortage of the “lopsided” model is that it generally predicts 
SMA or VAC solution to the solar neutrino problem, which are disfavored by present data. 
A recent work in Ref. 0 predicts the LMA solution by “lopsided” structure. However, hne 
tuning to some extend is needed in this model. In next section we propose a new structure 
for Ml, which can solve the above problems simultaneously. The structure predicts very 
small (Vd)i 3 while, at the same time, LMA solution to the solar neutrinos. 


V. A NEW NEUTRINO MASS MODEL 


Assuming Vv is nearly diagonal we give 


Taking 


Ml = 


^05 (T ^ 
-5 0 1 - e 
0 e 1 y 


m, with a ~ 0(1), ^ e -C 1 


S = 0.00077, e = 0.12, and a = 0.58 


(34) 


(35) 


we can obtain the correct mass ratios and predict the neutrino mixing 

parameters as 


sm^29atm = 0.998, tan^ = 0.42 and Ues = —0.0054. (36) 


The notable feature of form (|5^ ) compared with the usual “lopsided” models is the 0(1) 
element a. Both the (2, 3) and (1, 3) elements in Ml are large, naturally leading to large 
mixing angles, 6^23 and 6 ^ 12 . The prediction of Ues = —0.0054 is non-trivial, since the three 
parameters are hxed by the lepton mass ratios and one neutrino mixing angle. It thus 
provides a test of our model. 
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mo (GeV) 


FIG. 4: Br{fi —> ej) predicted by our model as a function of mo for tan/3 = 20, mi /2 = 
250 GeV, 350 GeV and tan/3 = 35, mi ^2 = 350 GeG. The horizontal dotted line is the present 
experimental limit, 1.2 x 10“^^|11|. 


Diagonalizing Mi analytically we can express Uez as 


m, 


Uez = -G^s/tan^soi • 


m 


(37) 


This prediction that f/gs is proportional to mg/m^ is unique. Usually U^z is predicted to 
be proportional to ^Jme/rn^. Our model gives very small U^z value. Another interesting 


example which also gives quite small Uez is in Ref. which predicts Uez = \/^U^z- 

However, this model predicts Ogoi ~ vr/4, which is excluded by present data. 

The prediction of Br(p —> ey) by our model is plotted in FIG. In most parameter space 
our model predicts Br(/i —»• ey) below the present experimental limit, while large enough to 
be detected in the next generation experiment P2[ . 
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VI. SUMMARY AND CONCLUSIONS 


A quite popular theoretical scheme to explain the atmospheric and solar neutrino exper¬ 
iments is the see-saw mechanism together with the “lopsided” charged lepton mass matrix. 
This scheme is generally realized in the framework of supersymmetric grand unihcation. 
Our analysis shows that such a structure may predict big lepton flavor violation at low en¬ 
ergy. The process r —> py is quite promising to test whether there is a large mixing in the 
charged lepton sector, as predicted by “lopsided” models. In most SUSY parameter space 
this process will be detected in the next generation experiment. The “lopsided” models also 
make model-insensitive prediction about the process p —> ey. However, the branching ratio 
of p —*• ey predicted by these models generally exceeds the present experimental limit. An 
extended “lopsided” form of the charged lepton mass matrix is then proposed to solve this 
problem. The new structure can produce maximal 2-3 mixing, large 1-2 mixing while very 
small 1-3 mixing in the lepton sector. Br(/i —>■ ey) is thus suppressed below the present 
experimental limit. The LMA solution for the solar neutrino problem is naturally produced. 
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